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Teacher Notes
These Bronze, Silver and Gold worksheets are designed to be used either straight after the content has been taught or as part of a skills gap analysis, especially as students move into year 13.
They are drawn from the latest specification questions and legacy questions. The papers are between 25 and 35 marks.
The topic number on this worksheet relates to the corresponding chapter number in the ‘Pearson Edexcel A Level Mathematics: Pure Mathematics Year 2’ textbook. 
Non-Calculator Questions
The new specification allows calculators to be used in all papers. We have, however, put these questions together with the intention that students can complete them without a calculator. It’s important for pupils to be able to maintain their non-calculator skills, especially on topics such as surds or indices, to support question that use the keywords “show that” or “prove”. If you wish to ease the difficulty slightly then you can, of course, allow students to attempt them with the support of a calculator.
Quick Links  
(Press Ctrl, as you click with your mouse to follow these links)
· Bronze Questions
· Bronze Mark Scheme
· Silver Questions
· Silver Mark Scheme
· Gold Questions
· Gold Mark Scheme
Extension and Enrichment
If you have students that have enjoyed the challenge of the Gold questions, then they should have a go at the more challenging question from our Advanced Extension Award (AEA) papers. The Mathematics AEA is a single, 3 hour non-calculator paper, taken at the end of year 13. It helps students to develop high level problem solving and proof skills. It is entirely based on the content of the A Level Mathematics Course. No extra material needs to be covered to take the AEA in Mathematics. A second important difference is that marks are awarded for the clarity and quality of their solution. Developing this key skill, alongside the extra problem-solving experience, can pay dividends in the way they approach A Level Mathematics and Further Mathematics problems.
More information about the Advanced Extension Award can be found here on the Pearson Edexcel Website, or here on the Maths Emporium
[bookmark: BrQue][image: http://abbot.us/DD629/official/star_bronze.gif]Bronze Questions						 
Non-calculator 
The total mark for this section is 25 
Q1


(a) Simplify fully .   
(3)

(b) Write  as a single fraction in its simplest form.
(3)

(Total for Question 1 is 6 marks)
__________________________________________________________________________
Q2
 
Express
[image: ]
as a single fraction in its simplest form.
(4)

(Total for Question 2 is 4 marks)
__________________________________________________________________________

Q3
 
f(x) = 3x3 − 5x2 − 16x + 12.
     Given that (x + 2) is a factor of f(x),
     Factorise f(x) completely.
(4)

 (Total for Question 3 is 4 marks)
__________________________________________________________________________
 




Q4
 
f(x) = 4x3 – 12x2 + 2x – 6
    Hence show that 3 is the only real root of the equation f(x) = 0
(4)

  (Total for Question 4 is 4 marks)
__________________________________________________________________________

Q5
Express  in partial fractions.
(3)

  (Total for Question 5 is 3 marks)
__________________________________________________________________________

 
	Q6

         		Prove that for all n  ℕ, n2 + 2 is not divisible by 4.
(4)

(Total for Question 6 is 4 marks)
__________________________________________________________________________
End of Questions
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Bronze Mark Scheme
Q1
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Q2
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Q3
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Q4 
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 Q5 
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Q6
General points for marking question 6:
· Students who just try random numbers are not going to score any marks.
· Students can mix and match methods. Eg you may see odd numbers via logic and even via algebra
· 

Students who state cannot be divided by (instead of is not divisible by) cannot be awarded credit for the accuracy/explanation marks, unless they state correctly that cannot be divided by 4 to give an integer.
· 
Students who write  which is not a whole number gains no credit unless they then start to look at odd and even numbers for instance
· Proofs via induction usually tend to go nowhere unless they proceed as in the main scheme
· Watch for unusual methods that are worthy of credit (See below) 
· 

If the final conclusion is  then the final mark is withheld.  is correct
Watch for methods that may not be in the scheme that you feel may deserve credit.
If you are uncertain of a method please refer these up to your team leader.
Eg 1. Solving by modulo arithmetic.
	
All   mod 4
	0
	1
	2
	3

	
All   mod 4
	0
	1
	0
	1

	
All   mod 4
	2
	3
	2
	3




Hence for all , is not divisible by 4.

	Q6
	Scheme
	Marks
	AOs



Notes: Note that M0 A0 M1 A1 and M0 A0 M1 A0 are not possible due to the way the scheme is set up 
M1: Awarded for setting up the proof for either the even or odd numbers. 

A1: Concludes correctly with a reason why cannot be divisible by 4 for either n odd or even. 
dM1:  Awarded for setting up the proof for both even and odd numbers
A1:  Fully correct proof with valid explanation and conclusion for all n

Example of an algebraic proof
	
For  
	M1
	2.1

	Concludes that this number is not divisible by 4 (as the explanation is trivial) 
	A1
	1.1b

	

For                      FYI 
	dM1
	2.1

	

Correct working and concludes that this is a number in the times table add 3 so cannot be divisible by 4 or writes ..........AND states ......hence true for all 
	A1*
	2.4

	
	(4)
	



Example of a very similar algebraic proof
	
For  
	M1
	2.1

	
Concludes that this is not divisible by 4 due to the   
                          (A suitable reason is required) 
	A1
	1.1b

	
For 
	dM1
	2.1

	


Concludes that this is not divisible by 4 due to the                                        ...AND states ......     hence for all   is not divisible by 4
	A1*
	2.4

	
	(4)
	




Example of a proof via logic

	When n is odd,  ''odd odd'' = odd 
	M1
	2.1

	

so  is odd , so (when n is odd)  cannot be divisible by 4
	A1
	1.1b

	When n is even, it is a multiple of 2, so ''even even'' is a multiple of 4 
	dM1
	2.1

	


Concludes that when n is even cannot be divisible by 4 because is divisible by 4…..AND STATES ……..trues for all 
	A1*
	2.4

	
	(4)
	



Example of proof via contradiction

	Sets up the contradiction 


                        ‘Assume that is divisible by 4 ’
	M1
	2.1

	
                                        and concludes even
 Note that the M mark (for setting up the contradiction must have been awarded)   
	A1
	1.1b

	

 States that  is even, then n is even and hence is a multiple of 4
	dM1
	2.1

	
Explains that if is a multiple of 4 

                then cannot be a multiple of 4 and hence divisible by 4 
 Hence there is a contradiction and concludes 

                                           Hence true for all  
	A1*
	2.4

	
	(4)
	



A similar proof exists via contradiction where 

A1:      

dM1: States that  is odd, so does not have a factor of 2, meaning that n is irrational



[image: ][image: http://upload.wikimedia.org/wikipedia/commons/b/b1/Silver_star.png]Silver Questions							 
[bookmark: _Hlk119421266]Non-calculator 
The total mark for this section is 28 
Q1 
[image: ]Show that  simplifies to ax where a is an integer.

(4)

(Total for Question 1 is 4 marks)
___________________________________________________________________________


Q2
Express  as a single fraction in its simplest form. 
(4)
 (Total for Question 2 is 4 marks)
___________________________________________________________________________

Q3 
Express
[image: ]
as a single fraction in its simplest form.
(4)
(Total for Question 3 is 4 marks)
___________________________________________________________________________

Q4 
Express in partial fractions
[image: ]
(4)
(Total for Question 4 is 4 marks)
___________________________________________________________________________



Q5

Express
[image: ]
as a single fraction in its simplest form.
(4)

(Total for Question 5 is 4 marks)
___________________________________________________________________________

Q6
 
Given that
[image: ]
find the values of the constants a, b, c, d and e.
(4)
(Total for Question 6 is 4 marks)
___________________________________________________________________________

Q7

 	Use algebra to prove that the square of any natural number is either a multiple of 3 or one more than a multiple of 3.
		(4)
[bookmark: _Hlk119422036](Total for Question 4 is 10 marks)
__________________________________________________________________________
End of Questions
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Q1
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Q2 
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Q3 
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Q4 
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Q5 
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Q6 
[image: ]

Q7
	Question
	Scheme
	Marks
	AOs

	7
	NB any natural number can be expressed in the form:
3k, 3k + 1, 3k + 2  or equivalent e.g. 3k – 1, 3k, 3k + 1
	
	

	
	Attempts to square any two distinct cases of the above
	M1
	3.1a

	
	Achieves accurate results and makes a valid comment for any two of the possible three cases: E.g. 


is a multiple of 3



is one more than a multiple of 3





is one more than a multiple of 3
	A1
M1 on EPEN
	1.1b

	
	Attempts to square in all 3 distinct cases. 
E.g. attempts to square 3k, 3k + 1, 3k + 2  or e.g. 3k – 1, 3k, 3k + 1
	M1
A1 on EPEN
	2.1

	
	Achieves accurate results for all three cases and gives a minimal conclusion (allow tick, QED etc.)
	A1
	2.4

	
	
	(4)
	

	(4 marks)



Notes:
M1: Makes the key step of attempting to write the natural numbers in any 2 of the 3 distinct forms or equivalent 
        expressions, as shown in the mark scheme, and attempts to square these expressions.
A1: Successfully shows for 2 cases that the squares are either a multiple of 3 or 1 more than a multiple 

      of 3 using algebra. This must be made explicit e.g. reaches   and makes a statement that this is 
      one more than a multiple of 3 but also allow other rigorous arguments that reason why 9k2 + 6k + 1 is one more 
      than a multiple of 3 e.g. “9k2 is a multiple of 3 and 6k is a multiple of 3 so 9k2 + 6k + 1 is one more than a multiple 
      of 3”
M1: Recognises that all natural numbers can be written in one of the 3 distinct forms or equivalent 
      expressions, as shown in the mark scheme, and attempts to square in all 3 cases.
A1: Successfully shows for all 3 cases that the squares are either a multiple of 3 or 1 more than a multiple of 3 using 
       algebra and makes a conclusion



[bookmark: GoQu][image: ][image: http://upload.wikimedia.org/wikipedia/commons/b/b1/Silver_star.png]Gold Questions							 
Non-calculator 
The total mark for this section is 31 

Q1
 
[image: ]
Find the values of the constants A, B and C.
(4)

[bookmark: _Hlk119422173](Total for Question 1 is 4 marks)
___________________________________________________________________________

Q2

(a)   Simplify fully
[image: ]
(3)
Given that
[image: ]
(b)   find x in terms of e.
(4)

(Total for Question 2 is 7 marks)
___________________________________________________________________________

Q3


Express  in partial fractions.
(4)
(Total for Question 3 is 4 marks)
___________________________________________________________________________





Q4
 
Given that
[image: ]
find the values of the constants a, b, c, d and e.
(4)
 (Total for Question 4 is 4 marks)
___________________________________________________________________________
        
Q5

	Kayden claims that 3x  2x.

(i)	Determine whether Kayden’s claim is always true, sometimes true or never true, justifying your answer.
(2)

(ii) Prove that 3 is an irrational number.
(6)
(Total for Question 5 is 8 marks)
___________________________________________________________________________

Q6

	Prove by contradiction that there are no positive integers p and q such that
4 p2 − q2 = 25
		(4)
(Total for Question 6 is 4 marks)
__________________________________________________________________________
End of Questions


[bookmark: GoMS]Gold Mark Scheme
Q1
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Q2
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Q3
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Q4 
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Q5
	Question
	Scheme
	Marks
	AOs

	(i)
	
For an explanation or statement to show when the claim  fails
This could be e.g.
· 



when    or  is not greater than or equal to  
· 



when    or   is not greater than or equal to 
	M1
	2.3

	
	
followed by an explanation or statement to show when the claim  is true.  This could be e.g.
· 

   or 9 is greater than or equal to 4 
· 
when  
and a correct conclusion.  E.g.
· 
so the claim  is sometimes true
	A1
	2.4

	
	
	(2)
	

	(ii)
	
Assume that  is a rational number 


So , where p and q integers,  and the HCF of p and q is 1  
	M1
	2.1

	
	



  is divisible by 3 and so p is divisible by 3
	M1
	1.1b

	
	
	A1
	2.2a

	
	
So where c is an integer

From earlier, 
	M1
	2.1

	
	


  is divisible by 3 and so q is divisible by 3
	A1
	1.1b

	
	As both p and q are both divisible by 3 then the HCF of p and q is not 1

This contradiction implies that  is an irrational number
	A1
	2.4

	
	
	(6)
	

	(8 marks)





	Notes:

	(i)
	

	M1:
	See scheme

	A1:
	See scheme

	(ii)
	

	M1:
	
Uses a method of proof by contradiction by initially assuming that  is rational and expresses   

	
	

 in the form , where p and q are correctly defined.

	M1:
	

Writes  and rearranges to make  the subject

	A1:
	Uses a logical argument to prove that p is divisible by 3 

	M1:
	


Uses the result that p is divisible by 3, (to construct the initial stage of proving that  is also divisible by 3), by substituting  into their expression for 

	A1:
	Hence uses a correct argument, in the same way as before, to deduce that q is also divisible by 3

	A1:
	
Completes the argument (as detailed on the scheme) that  is irrational.

	
	Note:  All the previous 5 marks need to be scored in order to obtain the final A mark.

























Q6
	Question
	Scheme
	Marks
	AOs

	6
	Sets up the contradiction and factorises:
There are positive integers p and q such that 

	            
	M1
	2.1

	
	

If true then                or       
Award for deducing either of the above statements 
	M1
	2.2a

	
	

Solutions are     or 
Award for one of these
	A1
	1.1b

	
	This is a contradiction as there are no integer solutions hence

there are no positive integers p and q such that 
	A1
	2.1

	
	
	(4)
	

	
	(4 marks)


Notes:
M1: For the key step in setting up the contradiction and factorising


M1: For deducing that for p and q to be integers then either  or must be true.
         Award for deducing either of the above statements. 

       You can ignore any reference to   as this could not occur for positive p and q. 
A1: For correctly solving one of the given statements,


       For  candidates only really need to proceed as far as  to show the contradiction.

       For   candidates only really need to find either p or q  to show the contradiction.



       Alt for  candidates could state that  if  are positive integers.
A1: For a complete and rigorous argument with both possibilities and a correct conclusion.
	Question
	Scheme
	Marks
	AOs

	6 Alt 1
	



Sets up the contradiction, attempts to make  or   the subject and states that either is even(*) , or that (or q) is odd (**) 
Either   There are positive integers p and q such that 

          with * or **
Or   There are positive integers p and q such that 

   with * or **
	M1
	2.1

	
	

Sets  and expands  
	M1
	2.2a

	
	    Proceeds to an expression such as 

  



                  
	A1
	1.1b

	
	States 

This is a contradiction as  must be a multiple of 4

                                  Or must be an integer
And concludes

  there are no positive integers p and q such that 
	A1
	2.1

	
	
	(4)
	



Alt 2
An approach using odd and even numbers is unlikely to score marks.
To make this consistent with the Alt method, score

M1: Set up the contradiction and start to consider one of the cases below where q is odd,  
        Solutions using the same variable will score no marks.

M1: Set up the contradiction and start to consider BOTH cases below where q is odd,  
       No requirement for evens
A1:  Correct work and deduction for one of the two scenarios where q is odd
A1: Correct work and deductions for both scenarios where q is odd with a final conclusion
	Options
	Example of Calculation
	Deduction

	p (even)  q (odd)
	

	One less than a multiple of 4 so cannot equal 25

	p (odd)  q (odd)
	

	Three more than a multiple of 4 so cannot equal 25
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B1 x* =9=(x+3)(x—3) This can occur anywhere.
M1 For combining the fwo fractions with a common denominator. The denominator must be correct and at least
one numerator must have been adapted. Accept as separate fractions. Condone missing brackets,
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- x+3)(-9)
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Simplified quadratic
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(x+3)(x-3) xz—g‘mdmn [EEDIoN

Al Further factorises and cancels (which may be implied) to reach the answer
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(x+3)(x-3) T3)-3) x
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Fractions at the end
Note: The correct partal raction from o working scores BIBIMIAL
Note: A number of candidates will start this problem by writing out the comrect identity and then attempt fo
find “A” or “ B” or “C". Therefore the B marks can be awarded from this method.
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B For factorising 43" ~9 to (2x—3)(2x +3)at any point. Note that this is not scored for combining the
terms (2x—3)(2x + 3) and writing the product as 4x> —9
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(a) M1 An attempt to factonse the numerator.
BI: Comect factonsation of denominator to give (x+3)(x—3). Canbe seen
anywhere

(b) M1: Uses a correct law of logarithms to combine at least two terms.

‘This usually is achieved by the subtraction law of logarithns to give

(s
‘The product law of logarithms can be used to achieve
In(2¢" + 9% - 5) = In(e(x* + 2x - 15)).
‘The product and quotient law could also be used to achieve
27 4+ 9x
| ———
e+ 2x-15)
dM1: Removing In’s correctly by the realisation that the anti-In of 1 is e
Note that this mark is dependent on the previous method mark being awarded.
M Collect x terms together and factorise.
Note that this is not a dependent method mark
Ze-1 3
A or

2 " d-2 2.
Note that the answer needs to be in terms of e. The decimal answer is 9.9610550
Note that the solution must be correet in order for you to award this final accuracy
mark.

Note: See Appendix for an alternative method of long division.
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