GCE (2017)

AS and A level Mathematics

93 modelling problems 




A collection of questions taken from over 20 years of A level Mathematics papers – essentially every question with the word “model” included.

Every question could be enhanced by the following:

(a) 	Discuss the limitations of the model;

(b)	Discuss any refinements you might make to the model;

Mark schemes can be found in the accompanying document on the emporium, which state which past paper the questions are taken from.

1. 	A cup of hot tea was placed on a table. At time t minutes after the cup was placed on the table, the temperature of the tea in the cup, θ °C, is modelled by the equation

θ = 25 + Ae–0.03t

where A is a constant.

The temperature of the tea was 75 °C when the cup was placed on the table.

(a) 	Find a complete equation for the model.
(1)

(b) 	Use the model to find the time taken for the tea to cool from 75 °C to 60 °C, giving your answer in minutes to one decimal place.
(2)

Two hours after the cup was placed on the table, the temperature of the tea was measured as 20.3 °C.

Using this information,

(c) 	evaluate the model, explaining your reasoning.
(1)
 (Total for Question 1 is 4 marks)
___________________________________________________________________________

2. 	Rabbits were introduced onto an island. The number of rabbits, P, t years after they were introduced is modelled by the equation


P = ,   t  ℝ,    t  0.

(a) 	Write down the number of rabbits that were introduced to the island.
(1)
(b) 	Find the number of years it would take for the number of rabbits to first exceed 1000.
(2)

(c) 	Find .
 (2)

(d) 	Find P when  = 50.
 (3)
___________________________________________________________________________


3. 	The speed, v m s1, of a lorry at time t seconds is modelled by	
			
v = 5(e0.1t – 1) sin (0.1t),   0   t  30.

(a)	Copy and complete the following table, showing the speed of the lorry at 5 second intervals. Use radian measure for 0.1t and give your values of v to 2 decimal places where appropriate.

	t
	0
	5
	10
	15
	20
	25

	v
	
	1.56
	7.23
	17.36
	
	


(3)

(b)	Verify that, according to this model, the lorry is moving more slowly at t = 25 than at t = 24.5.
(1)

The distance, s metres, travelled by the lorry during the first 25 seconds is given by

s = .

(c) 	Estimate s by using the trapezium rule with all the values from your table.
(4)
___________________________________________________________________________

4.	In the first month after opening, a mobile phone shop sold 280 phones. A model for future trading assumes that sales will increase by x phones per month for the next 35 months, so that (280 + x) phones will be sold in the second month, (280 + 2x) in the third month, and so on.

Using this model with x = 5, calculate   

(a)	(i)	the number of phones sold in the 36th month,
(2)

	(ii)	the total number of phones sold over the 36 months.	 
(2)

The shop sets a sales target of 17 000 phones to be sold over the 36 months.

Using the same model,

(b)	find the least value of x required to achieve this target.			 
      (4)
___________________________________________________________________________


5.	The value of a car is modelled by the formula

V = 16 000e−kt + A,	t  0, t ∈ ℝ

where V is the value of the car in pounds, t is the age of the car in years, and k and A are
positive constants.

Given that the value of the car is £17 500 when new and £13 500 two years later,

(a)	find the value of A,
(1)

(b)	show that k =  
(4)
(c)	Find the age of the car, in years, when the value of the car is £6000.
	Give your answer to 2 decimal places.
(4)
(Total 9 marks)
___________________________________________________________________________

6.	(a)	An arithmetic series has first term a and common difference d. Prove that the sum of the first n terms of the series is


n[2a + (n – 1)d].
(4)

A company made a profit of £54 000 in the year 2001. A model for future performance assumes that yearly profits will increase in an arithmetic sequence with common difference £d. This model predicts total profits of £619 200 for the 9 years 2001 to 2009 inclusive.

(b) 	Find the value of d.
(4)

Using your value of d,

(c) 	find the predicted profit for the year 2011.
(2)

An alternative model assumes that the company’s yearly profits will increase in a geometric sequence with common ratio 1.06. Using this alternative model and again taking the profit in 2001 to be £54 000,

(d) 	find the predicted profit for the year 2011.
(3)
___________________________________________________________________________


7.	A tree was planted in the ground.
Its height, H metres, was measured t years after planting.
Exactly 3 years after planting, the height of the tree was 2.35 metres.
Exactly 6 years after planting, the height of the tree was 3.28 metres.
Using a linear model,
(a)	find an equation linking H with t.
(3)

The height of the tree was approximately 140 cm when it was planted.
(b)	Explain whether or not this fact supports the use of the linear model in part (a).
(2)
(Total for Question 7 is 5 marks)
___________________________________________________________________________

8.	The rate of decay of the mass of a particular substance is modelled by the differential equation


,

where x is the mass of the substance measured in grams and t is the time measured in days.

Given that x = 60 when t = 0,

(a)	solve the differential equation, giving x in terms of t. You should show all steps in your working and give your answer in its simplest form.
(4)

(b)	Find the time taken for the mass of the substance to decay from 60 grams to 20 grams.
	Give your answer to the nearest minute.
(3)
(Total 7 marks)
___________________________________________________________________________


9.	Water is being heated in an electric kettle. The temperature,  °C, of the water t seconds after the kettle is switched on, is modelled by the equation

  = 120 – 100e–t,        0  t  T.

(a) 	State the value of   when t = 0.
(1)

Given that the temperature of the water in the kettle is 70 °C when t = 40,


(b) 	find the exact value of , giving your answer in the form , where a and b are integers.
(4)

When t = T, the temperature of the water reaches 100 °C and the kettle switches off.

(c) 	Calculate the value of T to the nearest whole number.
(2)
___________________________________________________________________________


10.	Joan brings a cup of hot tea into a room and places the cup on a table. At time t minutes after Joan places the cup on the table, the temperature,   °C, of the tea is modelled by the equation

  = 20 + Ae−kt,

where A and k are positive constants.

Given that the initial temperature of the tea was 90 °C,

(a)	find the value of A.
(2)

The tea takes 5 minutes to decrease in temperature from 90 °C to 55 °C.


(b)	Show that k =  ln 2.
(3)

(c)	Find the rate at which the temperature of the tea is decreasing at the instant when t = 10. 
	Give your answer, in °C per minute, to 3 decimal places.
(3)
___________________________________________________________________________


11.	A study is being carried out on two colonies of ants.

The number of ants NA in colony A, t years after the start of the study, is modelled by the
equation


 

Using the model,

(a)	find the time taken, from the start of the study, for the number of ants in colony A to
	double. Give your answer, in years, to 2 decimal places.
(5)

(b)	Show that , where p and q are constants to be determined.
(3)

The number of ants NB in colony B, t years after the start of the study, is modelled by the
equation


 

where C and k are positive constants.

According to this model, there will be 3100 ants in colony B one year after the start of the
study and 3400 ants in colony B two years after the start of the study.


(c)	(i)	Show that  
	
	(ii)	Find the value of C.
(4)
(Total 12 marks)
___________________________________________________________________________


12.	Initially the number of fish in a lake is 500 000. The population is then modelled by the recurrence relation				

			un + 1 = 1.05un – d,    u0 =  500 000.

In this relation un is the number of fish in the lake after n years and d is the number of fish which are caught each year.

Given that d = 15 000,

(a) calculate u1 , u2 and u3 and comment briefly on your results.
(3)

Given that d = 100 000,

(b) show that the population of fish dies out during the sixth year.
(3)

(c) Find the value of d which would leave the population each year unchanged.
	(2)
___________________________________________________________________________
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Figure 2 shows the cross-section of a road tunnel and its concrete surround. The curved section of the tunnel is modelled by the curve with equation y = 8, in the interval 0  x  10. The concrete surround is represented by the shaded area bounded by the curve, the x-axis and the lines x = 2, x = 12 and y = 10. The units on both axes are metres. 

(a)	Using this model, copy and complete the table below, giving the values of y to 2 decimal places. 

	x
	0
	2
	4
	6
	8
	10

	y
	0
	6.13
	
	
	
	0


(2)

The area of the cross-section of the tunnel is given by . 

(b)	Estimate this area, using the trapezium rule with all the values from your table. 
(4)

(c)	Deduce an estimate of the cross-sectional area of the concrete surround. 
(1)

(d)	State, with a reason, whether your answer in part (c) over-estimates or under-estimates the true value.
(2)
___________________________________________________________________________

14.	On a journey, the average speed of a car is v m s1. For v  5, the cost per kilometre, C pence, of the journey is modelled by

C = .

Using this model,

(a) 	show, by calculus, that there is a value of v for which C has a stationary value, and find this value of v. 
(5)

(b) 	Justify that this value of v gives a minimum value of C.
(2)

(c) 	Find the minimum value of C and hence find the minimum cost of a 250 km car journey. 
      (3)
___________________________________________________________________________




15.
[image: ]Figure 2                                                                     Figure 3

Figure 2 shows the entrance to a road tunnel. The maximum height of the tunnel is measured as 5 metres and the width of the base of the tunnel is measured as 6 metres.

Figure 3 shows a quadratic curve BCA used to model this entrance.

The points A, O, B and C are assumed to lie in the same vertical plane and the ground AOB is assumed to be horizontal.

(a)	Find an equation for curve BCA.
(3)

A coach has height 4.1 m and width 2.4 m.

(b)	Determine whether or not it is possible for the coach to enter the tunnel.
(2)

(c)	Suggest a reason why this model may not be suitable to determine whether or not the coach can pass through the tunnel.
(1)
 (Total for Question 15 is 6 marks)
___________________________________________________________________________


16. 	A company plans to extract oil from an oil field.

The daily volume of oil V, measured in barrels that the company will extract from this oil field depends upon the time, t years, after the start of drilling.

The company decides to use a model to estimate the daily volume of oil that will be extracted. The model includes the following assumptions:

• 	The initial daily volume of oil extracted from the oil field will be 16 000 barrels.
• 	The daily volume of oil that will be extracted exactly 4 years after the start of drilling will be 9000 barrels.
• 	The daily volume of oil extracted will decrease over time.

The diagram below shows the graphs of two possible models. 
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(a)	(i)	Use model A to estimate the daily volume of oil that will be extracted exactly 3 years after the start of drilling.

  (ii) 	Write down a limitation of using model A.
(2)
(b) 	(i) 	Using an exponential model and the information given in the question, find a possible equation for model B.

(ii) Using your answer to (b)(i) estimate the daily volume of oil that will be extracted exactly 3 years after the start of drilling.
(5) 
(Total for Question 16 is 7 marks) 
___________________________________________________________________________


17.	The speed of a small jet aircraft was measured every 5 seconds, starting from the time it
turned onto a runway, until the time when it left the ground.
The results are given in the table below with the time in seconds and the speed in m s−1.

	Time (s)
	0
	5
	10
	15
	20
	25

	Speed (m s−1)
	2
	5
	10
	18
	28
	42



Using all of this information,
(a)	estimate the length of runway used by the jet to take off.
(3)

Given that the jet accelerated smoothly in these 25 seconds,
(b)	explain whether your answer to part (a) is an underestimate or an overestimate of the
length of runway used by the jet to take off.
(1)
(Total for Question 17 is 4 marks)
___________________________________________________________________________

18.	The mass, m grams, of a radioactive substance t years after first being observed, is
modelled by the equation
m = 25e1–kt
where k is a positive constant.

(a)	State the value of m when the radioactive substance was first observed.
(1)

Given that the mass is 50 grams, 10 years after first being observed,

(b)	show that k =[image: ]
(4)

(c)	Find the value of t when m = 20, giving your answer to the nearest year.
(3)
___________________________________________________________________________


19.	A population of deer is introduced into a park. The population P at t years after the deer have been introduced is modelled by




where a is a constant. Given that there are 800 deer in the park after 6 years,

(a)	calculate, to 4 decimal places, the value of a,
(4)

(b)	use the model to predict the number of years needed for the population of deer to increase from 800 to 1800.
(4)

(c)	With reference to this model, give a reason why the population of deer cannot exceed 2000.
(1)
___________________________________________________________________________

20.	Water is being heated in a kettle. At time t seconds, the temperature of the water is θ °C.

The rate of increase of the temperature of the water at any time t is modelled by the differential equation


 = λ(120 – θ),	θ ≤ 100

where λ is a positive constant.

Given that θ = 20 when t = 0,

(a) 	solve this differential equation to show that

θ = 120 – 100e–λt
(8)

When the temperature of the water reaches 100°C, the kettle switches off.

(b)	Given that λ = 0.01, find the time, to the nearest second, when the kettle switches off.
(3)
___________________________________________________________________________

21. 	A bacterial culture has area p mm2 at time t hours after the culture was placed onto a circular dish.

A scientist states that at time t hours, the rate of increase of the area of the culture can be modelled as being proportional to the area of the culture.

(a) Show that the scientist’s model for p leads to the equation p = aekt, where a and k are constants.
(4)

The scientist measures the values for p at regular intervals during the first 24 hours after the culture was placed onto the dish. She plots a graph of ln p against t and finds that the points on the graph lie close to a straight line with gradient 0.14 and vertical intercept 3.95.

(b) 	Estimate, to 2 significant figures, the value of a and the value of k.
(3)

(c) 	Hence show that the model for p can be rewritten as p = abt, stating, to 3 significant figures, the value of the constant b.
(2)

With reference to this model,

(d) 	(i) interpret the value of the constant a,
	
	(ii) interpret the value of the constant b.
(2)

(e)	State a long term limitation of the model for p.
(1)
 (Total for Question 21 is 12 marks)
___________________________________________________________________________


22.	In a simple model, the value, £V, of a car depends on its age, t, in years.
The following information is available for car A
· its value when new is £20 000
· its value after one year is £16 000
(a)	Use an exponential model to form, for car A, a possible equation linking V with t.
(4)

The value of car A is monitored over a 10-year period.
Its value after 10 years is £2 000
(b)	Evaluate the reliability of your model in light of this information.
(2)

The following information is available for car B
· it has the same value, when new, as car A
· its value depreciates more slowly than that of car A
(c)	Explain how you would adapt the equation found in (a) so that it could be used to
model the value of car B.
(1)
(Total for Question 22 is 7 marks)
___________________________________________________________________________


23.	A small factory makes bars of soap.
On any day, the total cost to the factory, £y, of making x bars of soap is modelled to be
the sum of two separate elements:
· a fixed cost,
· a cost that is proportional to the number of bars of soap that are made that day.
(a)	Write down a general equation linking y with x, for this model.
(1)

The bars of soap are sold for £2 each.
On a day when 800 bars of soap are made and sold, the factory makes a profit of £500.
On a day when 300 bars of soap are made and sold, the factory makes a loss of £80.
Using the above information,
(b)	show that	y = 0.84x + 428
(3)
(c)	With reference to the model, interpret the significance of the value 0.84 in the equation.
(1)

Assuming that each bar of soap is sold on the day it is made,
(d)	find the least number of bars of soap that must be made on any given day for the
factory to make a profit that day.
(2)
(Total for Question 23 is 7 marks)
___________________________________________________________________________


24.	The rate of increase of the number, N, of fish in a lake is modelled by the differential equation


,		t > 0, 0 < N < 5000

In the given equation, the time t is measured in years from the start of January 2000 and k is a positive constant.

(a)	By solving the differential equation, show that

	N = 5000 – Ate–kt

where A is a positive constant.
(5)

After one year, at the start of January 2001, there are 1200 fish in the lake.

After two years, at the start of January 2002, there are 1800 fish in the lake.

(b)	Find the exact value of the constant A and the exact value of the constant k.
(4)

(c)	Hence find the number of fish in the lake after five years. Give your answer to the nearest hundred fish.
(1)
___________________________________________________________________________

25.	A Pancho car has value £V at time t years. A model for V assumes that the rate of decrease of V at time t is proportional to V. 

(a) 	By forming and solving an appropriate differential equation, show that V = Aekt, where A and k are positive constants.
 (3)

The value of a new Pancho car is £20 000, and when it is 3 years old its value is £11 000.

(b) 	Find, to the nearest £100, an estimate for the value of the Pancho when it is 10 years old.
(5)

A Pancho car is regarded as ‘scrap’ when its value falls below £500.

(c) 	Find the approximate age of the Pancho when it becomes ‘scrap’. 
(3)
___________________________________________________________________________




26.	(a) 	Express  in partial fractions.
(3)

A team of biologists is studying a population of a particular species of animal.

The population is modelled by the differential equation



 = P(P – 2) cos 2t,      t  0,

where P is the population in thousands, and t is the time measured in years since the start of the study.

Given that P = 3 when t = 0,

(b)	solve this differential equation to show that 

P = 
 (7)
(c) 	find the time taken for the population to reach 4000 for the first time.
	Give your answer in years to 3 significant figures.
(3)
___________________________________________________________________________


27.	A drop of oil is modelled as a circle of radius r. At time t

	r = 4(1  et),	t > 0,

where  is a positive constant.

(a)	Show that the area A of the circle satisfies


					 = 32  (et  e2t).
(5)
In an alternative model of the drop of oil its area A at time t satisfies


		,		t > 0.

Given that the area of the drop is 1 at t = 1,

(b)	find an expression for A in terms of t for this alternative model.
(7)

(c)	Show that, in the alternative model, the value of A cannot exceed 4.
(1)
___________________________________________________________________________

28.	In a chemical reaction two substances combine to form a third substance. At time t, t  0, the concentration of this third substance is x and the reaction is modelled by the differential equation


= k(1 – 2x)(1 – 4x), where k is a positive constant.

(a) 	Solve this differential equation and hence show that


ln  = 2kt + c, where c is an arbitrary constant.
(7)

(b) 	Given that x = 0 when t = 0, find an expression for x in terms of k and t.
(4)

(c) 	Find the limiting value of the concentration x as t becomes very large.
(2)
___________________________________________________________________________



29.	(a) 	Express  2 sin θ – 1.5 cos θ  in the form R sin (θ – α), where R > 0 and 0 < α < .

	Give the value of α to 4 decimal places.
(3)

(b) 	(i) 	Find the maximum value of  2 sin θ – 1.5 cos θ.

	(ii) 	Find the value of θ, for 0 ≤ θ < π, at which this maximum occurs.
(3)

Tom models the height of sea water, H metres, on a particular day by the equation



H = 6 + 2 sin  – 1.5 cos ,     0 ≤ t <12,

where t hours is the number of hours after midday.

(c) 	Calculate the maximum value of H predicted by this model and the value of t, to 2 decimal places, when this maximum occurs.
(3)

(d) 	Calculate, to the nearest minute, the times when the height of sea water is predicted, by this model, to be 7 metres.
(6)
___________________________________________________________________________


30.	
[image: ]
Figure 1

Figure 1 shows the curve C, with equation y = 6 cos x + 2.5 sin x for 0 ≤ x ≤ 2π.


(a) 	Express 6 cos x + 2.5 sin x in the form R cos(x – α), where R and α are constants with 
R > 0 and 0 < α < . Give your value of α to 3 decimal places.
(3)

(b)	Find the coordinates of the points on the graph where the curve C crosses the coordinate axes.
(3)

A student records the number of hours of daylight each Sunday throughout the year. She starts on the last Sunday in May with a recording of 18 hours, and continues until her final recording 52 weeks later.

She models her results with the continuous function given by


,		0 ≤ t ≤ 52

where H is the number of hours of daylight and t is the number of weeks since her first recording.

Use this function to find

(c)	the maximum and minimum values of H predicted by the model,
(3)
(d)	the values for t when H = 16, giving your answers to the nearest whole number.

[You must show your working. Answers based entirely on graphical or numerical methods are not acceptable.]
(6)
___________________________________________________________________________

31. 	There were 2100 tonnes of wheat harvested on a farm during 2017.

The mass of wheat harvested during each subsequent year is expected to increase by 1.2% per year.

(a) 	Find the total mass of wheat expected to be harvested from 2017 to 2030 inclusive, giving your answer to 3 significant figures.
(2)

Each year it costs
· £5.15 per tonne to harvest the first 2000 tonnes of wheat
· £6.45 per tonne to harvest wheat in excess of 2000 tonnes

(b) 	Use this information to find the expected cost of harvesting the wheat from 2017 to 2030 inclusive. Give your answer to the nearest £1000.
(3)
 (Total for Question 31 is 5 marks)
___________________________________________________________________________

32. 	The depth of water, D metres, in a harbour on a particular day is modelled by the formula 

D = 5 + 2 sin (30t)°,     0  t < 24,

where t is the number of hours after midnight.

A boat enters the harbour at 6:30 a.m. and it takes 2 hours to load its cargo. The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour.

(a) 	Find the depth of the water in the harbour when the boat enters the harbour.
(1)

(b) 	Find, to the nearest minute, the earliest time the boat can leave the harbour.

	(Solutions based entirely on graphical or numerical methods are not acceptable.)
(4)
___________________________________________________________________________


33.
[image: ]

Figure 1

A company makes a particular type of children’s toy.

The annual profit made by the company is modelled by the equation

P = 100 − 6.25(x − 9)2,

where P is the profit measured in thousands of pounds and x is the selling price of the toy in pounds.

A sketch of P against x is shown in Figure 1.

Using the model,

(a)	explain why £15 is not a sensible selling price for the toy.
(2)

Given that the company made an annual profit of more than £80 000,

(b)	find, according to the model, the least possible selling price for the toy.
(3)

The company wishes to maximise its annual profit.

State, according to the model,

(c)	(i)   the maximum possible annual profit,

	(ii)  the selling price of the toy that maximises the annual profit.
(2)
___________________________________________________________________________


34. 	A lorry is driven between London and Newcastle.

In a simple model, the cost of the journey £C when the lorry is driven at a steady speed of v kilometres per hour is



C =  +  + 60.

(a) 	Find, according to this model,

	(i)   the value of v that minimises the cost of the journey,

	(ii)  the minimum cost of the journey.

(Solutions based entirely on graphical or numerical methods are not acceptable.)
(6)


(b) 	Prove, by using , that the cost is minimised at the speed found in part (a)(i).
(2)

(c)	State one limitation of this model.
(1)
___________________________________________________________________________


35.

[image: ]

Figure 1

Figure 1 is a graph showing the trajectory of a rugby ball.

The height of the ball above the ground, H metres, has been plotted against the horizontal distance, x metres, measured from the point where the ball was kicked.

The ball travels in a vertical plane.

The ball reaches a maximum height of 12 metres and hits the ground at a point 40 metres from where it was kicked.

(a) 	Find a quadratic equation linking H with x that models this situation.
(3)

The ball passes over the horizontal bar of a set of rugby posts that is perpendicular to the path of the ball. The bar is 3 metres above the ground.

(b) 	Use your equation to find the greatest horizontal distance of the bar from O.
(3)

(c) 	Give one limitation of the model.
(1)
___________________________________________________________________________


36.
[image: ]

The value of Lin’s car is modelled by the formula

V = 18 000e–0.2t + 4000e–0.1t + 1000,      t ≥ 0

where the value of the car is V pounds when the age of the car is t years.

A sketch of t against V is shown in Figure 1.

(a)	State the range of V.
(2)

According to this model,

(b)	find the rate at which the value of the car is decreasing when t = 10.
Give your answer in pounds per year.
(3)
(c)	Calculate the exact value of t when V = 15 000.
(4)
___________________________________________________________________________


37.	A bottle of water is put into a refrigerator. The temperature inside the refrigerator remains constant at 3 °C and t minutes after the bottle is placed in the refrigerator the temperature of the water in the bottle is   °C.

The rate of change of the temperature of the water in the bottle is modelled by the differential equation


 = .

(a) 	By solving the differential equation, show that

  = Ae–0.008t + 3,

	where A is a constant.
(4)

Given that the temperature of the water in the bottle when it was put in the refrigerator was 16 °C,

(b) 	find the time taken for the temperature of the water in the bottle to fall to 10 °C, giving your answer to the nearest minute.
(5)
___________________________________________________________________________

38.	
[image: ]

The number of rabbits on an island is modelled by the equation


	   t  ℝ,   t  0.

where P is the number of rabbits, t years after they were introduced onto the island.

A sketch of the graph of P against t is shown in Figure 3.

(a)	Calculate the number of rabbits that were introduced onto the island.
(1)


(b)	Find	.
(3)

The number of rabbits initially increases, reaching a maximum value PT when t = T.

(c)	Using your answer from part (b), calculate

	(i)	the value of T to 2 decimal places,

	(ii)	the value of PT to the nearest integer.

(Solutions based entirely on graphical or numerical methods are not acceptable.)
(4)

For t > T, the number of rabbits decreases, as shown in Figure 3, but never falls below k,
where k is a positive constant.

(d)	Use the model to state the maximum value of k.
(1)
(Total 9 marks)
___________________________________________________________________________

39.	A trading company made a profit of £50 000 in 2006 (Year 1).

A model for future trading predicts that profits will increase year by year in a geometric sequence with common ratio r, r > 1. 

The model therefore predicts that in 2007 (Year 2) a profit of £50 000r will be made.

(a)	Write down an expression for the predicted profit in Year n.
(1)

The model predicts that in Year n, the profit made will exceed £200 000.


(b)	Show that n >  + 1.
 (3)

Using the model with r = 1.09,

(c)	find the year in which the profit made will first exceed £200 000,
(2)

(d)	find the total of the profits that will be made by the company over the 10 years from 2006 to 2015 inclusive, giving your answer to the nearest £10 000.
 (3) 
	___________________________________________________________________________


40. 	(a) 	Express  in partial fractions.
(3)

A team of conservationists is studying the population of meerkats on a nature reserve. The population is modelled by the differential equation



 = P(5 – P),     t  0,

where P, in thousands, is the population of meerkats and t is the time measured in years since the study began.

Given that when t = 0, P = 1,

(b) 	solve the differential equation, giving your answer in the form,


P = 

	where a, b and c are integers.
(8)

(c) 	Hence show that the population cannot exceed 5000.
(1)
___________________________________________________________________________

41.	(a)	Express 3 cos θ + 4 sin θ in the form R cos (θ – α), where R and α are constants, R > 0 and 0 < α < 90°.
(4)

(b)	Hence find the maximum value of 3 cos θ + 4 sin θ and the smallest positive value of θ for which this maximum occurs.
(3)

The temperature, f(t), of a warehouse is modelled using the equation

f (t) = 10 + 3 cos (15t)° + 4 sin (15t)°,

where t is the time in hours from midday and 0  t < 24.

(c)	Calculate the minimum temperature of the warehouse as given by this model.
(2)

(d)	Find the value of t when this minimum temperature occurs.
(3)
___________________________________________________________________________


42.	A rare species of primrose is being studied. The population, P, of primroses at time t years after the study started is modelled by the equation


,		t ≥ 0,	t  ℝ.

(a)	Calculate the number of primroses at the start of the study.
(2)

(b)	Find the exact value of t when P = 250, giving your answer in the form a ln b, where 
a and b are integers.
(4)

(c)	Find the exact value of  when t =10. 
	Give your answer in its simplest form.
(4)

(d) 	Explain why the population of primroses can never be 270.
(1)
___________________________________________________________________________


43.	A population growth is modelled by the differential equation 


 = kP,

	where P is the population, t is the time measured in days and k is a positive constant.

	Given that the initial population is P0,

	(a)	solve the differential equation, giving P in terms of P0, k and t.
(4)

	Given also that k = 2.5,

	(b)	find the time taken, to the nearest minute, for the population to reach 2P0.
(3)

	In an improved model the differential equation is given as 


 = P cos t,

	where P is the population, t is the time measured in days and  is a positive constant.

	Given, again, that the initial population is P0 and that time is measured in days,

	(c)	solve the second differential equation, giving P in terms of P0,  and t.
(4)

	Given also that  = 2.5,

	(d)	find the time taken, to the nearest minute, for the population to reach 2P0 for the first time, using the improved model.
(3)
	___________________________________________________________________________

44.	A company started mining tin in Riverdale on 1st January 2019.
A model to find the total mass of tin that will be mined by the company in Riverdale is
given by the equation
T = 1200 – 3(n – 20)2
where T tonnes is the total mass of tin mined in the n years after the start of mining.
Using this model,
(a)	calculate the mass of tin that will be mined up to 1st January 2020,
(1)
(b)	deduce the maximum total mass of tin that could be mined,
(1)
(c)	calculate the mass of tin that will be mined in 2023.
(2)
(d)	State, giving reasons, the limitation on the values of n.
(2)
(Total for Question 44 is 6 marks)
___________________________________________________________________________

45.	In the first month after opening, a mobile phone shop sold 300 phones. A model for future sales assumes that the number of phones sold will increase by 5% per month, so that 
300 × 1.05 will be sold in the second month, 300 × 1.052 in the third month, and so on.

Using this model, calculate

(a)	the number of phones sold in the 24th month,
(2)

(b)	the total number of phones sold over the whole 24 months.
(2)

This model predicts that, in the Nth month, the number of phones sold in that month exceeds 3000 for the first time.

(c)	Find the value of N.
(3)



46.	The amount of an antibiotic in the bloodstream, from a given dose, is modelled by the formula
x = De–0.2t,

where x is the amount of the antibiotic in the bloodstream in milligrams, D is the dose given in milligrams and t is the time in hours after the antibiotic has been given.

A first dose of 15 mg of the antibiotic is given.

(a)		Use the model to find the amount of the antibiotic in the bloodstream 4 hours after the dose is given. Give your answer in mg to 3 decimal places.
(2)

A second dose of 15 mg is given 5 hours after the first dose has been given. Using the same model for the second dose,

(b)	show that the total amount of the antibiotic in the bloodstream 2 hours after the second dose is given is 13.754 mg to 3 decimal places.
(2)

No more doses of the antibiotic are given. At time T hours after the second dose is given, the total amount of the antibiotic in the bloodstream is 7.5 mg.


(c)		Show that T = a ln , where a and b are integers to be determined.
(4)
(Total 8 marks)
___________________________________________________________________________

47. 	The amount of antibiotic, y milligrams, in a patient’s bloodstream, t hours after the antibiotic was first given, is modelled by the equation y = abt, where a and b are constants.

(a)	Show that this equation can be written in the form

log10 y = t log10 b + c,

	expressing the constant c in terms of a.
(2)

A doctor measures the amount of antibiotic in the patient’s bloodstream at regular intervals for the first 5 hours after the antibiotic was first given.

She plots a graph of log10 y against t and finds that the points on the graph lie close to a straight line passing through the point (0, 2.23) with gradient –0.076.

(b) 	Estimate, to 2 significant figures, the value of a and the value of b.
(2)

With reference to this model,

(c) 	(i)	give a practical interpretation of the value of the constant a,

	(ii)	give a practical interpretation of the value of the constant b.
(2)

(d) 	Use the model to estimate the time taken, after the antibiotic was first given, for the amount of antibiotic in the patient’s bloodstream to fall to 30 milligrams. Give your answer, in hours, correct to one decimal place.
(2)

(e) 	Comment on the reliability of your estimate in part (d).
(1)
___________________________________________________________________________


48.	A research engineer is testing the effectiveness of the braking system of a car when it is driven in wet conditions.

The engineer measures and records the braking distance, d metres, when the brakes are applied from a speed of V km h−1.

Graphs of d against V and log10 d against log10 V were plotted.
The results are shown below together with a data point from each graph.

[image: ]

(a)	Explain how Figure 6 would lead the engineer to believe that the braking distance
should be modelled by the formula
d = kVn	where k and n are constants

with	k  0.017
(3)

Using the information given in Figure 5, with k = 0.017
(b)	find a complete equation for the model giving the value of n to 3 significant figures.
(3)

Sean is driving this car at 60 km h−1 in wet conditions when he notices a large puddle in
the road 100 m ahead. It takes him 0.8 seconds to react before applying the brakes.
(c)	Use your formula to find out if Sean will be able to stop before reaching the puddle.
(3)
(Total for Question 48 is 9 marks)
___________________________________________________________________________


49. 	A biologist conducted an experiment to investigate the growth of mould on a slice of bread. The biologist measured the surface area of bread, A cm2, covered by mould at times, t days, after the start of the experiment.

Initially 9.00 cm2 of the bread was covered by mould and 6 days later, 56.25 cm2 of the bread was covered by mould.

In the biologist’s model, the rate of increase of the surface area of bread covered by mould, at any time t days, is proportional to the square root of that area.

By forming and solving a differential equation,

(a)	show that the biologist’s model leads to the equation
(6)

The biologist’s full set of results are shown in the table below.

	t  (days)
	0
	6
	12
	18
	24
	30

	A (cm2)
	9.00
	56.25
	143.78
	271.19
	334.81
	337.33



Table 1

Use the last four measurements from Table 1 to

(b)	(i)	evaluate the biologist’s model,

	(ii)	suggest a possible explanation of the results.
(3)
___________________________________________________________________________


50. 	The height above ground, H metres, of a passenger on a roller coaster can be modelled by the differential equation


 = ,

where t is the time, in seconds, from the start of the ride.

Given that the passenger is 5 m above the ground at the start of the ride,

(a) 	show that H = 5e0.1 sin (0.25t).
(5)

(b) 	State the maximum height of the passenger above the ground.
(1)

The passenger reaches the maximum height, for the second time, T seconds after the start of the ride.

(c) 	Find the value of T.
(2)
___________________________________________________________________________

51. 	A spherical mint of radius 5 mm is placed in the mouth and sucked. Four minutes later, the radius of the mint is 3 mm.

In a simple model, the rate of decrease of the radius of the mint is inversely proportional to the square of the radius.

Using this model and all the information given,

(a) 	find an equation linking the radius of the mint and the time.

	(You should define the variables that you use.)
(5)

(b) 	Hence find the total time taken for the mint to completely dissolve. Give your answer in minutes and seconds to the nearest second.
(2)

(c) 	Suggest a limitation of the model.
(1)
___________________________________________________________________________


52.	(a)	Write 2 sin  – cos   in the form R sin ( – α), where R and α are constants, R > 0 and
	0 < α  90°. Give the exact value of R and give the value of α to one decimal place.
(3)
[image: ]
Figure 3 shows a sketch of the graph with equation y = 2 sin   – cos  , 	0    < 360°.

(b)	Sketch the graph with equation

y = | 2 sin  – cos  |, 	0    < 360°
	
	stating the coordinates of all points at which the graph meets or cuts the coordinate axes.
(3)

The temperature of a warehouse is modelled by the equation

f(t) = 5 + | 2 sin (15t)° – cos (15t)° |, 	0  t < 24

where f(t) is the temperature of the warehouse in degrees Celsius and t is the time
measured in hours from midnight.

State

(c)	(i)	the maximum value of f(t),

	(ii)	the largest value of t, for 0  t < 24, at which this maximum value occurs. Give your answer to one decimal place.
(3)
(Total 9 marks)
___________________________________________________________________________


53. 	An archer shoots an arrow.
	
	The height, H metres, of the arrow above the ground is modelled by the formula 

H  1.8 + 0.4d – 0.002d 2,     d  0,

	where d is the horizontal distance of the arrow from the archer, measured in metres. 

	Given that the arrow travels in a vertical plane until it hits the ground, 

	(a)	find the horizontal distance travelled by the arrow, as given by this model. 
(3) 
	(b)	With reference to the model, interpret the significance of the constant 1.8 in the formula.
 (1) 

	(c) 	Write 1.8 + 0.4d – 0.002d 2 in the form

A  B(d – C)2
		
		where A, B and C are constants to be found.
(3)
	It is decided that the model should be adapted for a different archer.
	
	The adapted formula for this archer is 

H  2.1 + 0.4d – 0.002d 2,     d  0.

	Hence, or otherwise, find, for the adapted model,

	(d) (i) 	the maximum height of the arrow above the ground. 

	(ii) 	the horizontal distance, from the archer, of the arrow when it is at its maximum height. 
(2)  
(Total for Question 11 is 9 marks) 
___________________________________________________________________________


54.	The adult population of a town is 25 000 at the end of Year 1.

A model predicts that the adult population of the town will increase by 3% each year, forming a geometric sequence.

(a) 	Show that the predicted adult population at the end of Year 2 is 25 750.
(1)
(b) 	Write down the common ratio of the geometric sequence.
(1)

The model predicts that Year N will be the first year in which the adult population of the town exceeds 40 000.

(c) 	Show that
(N −1) log 1.03 > log 1.6
(3)

(d) 	Find the value of N.
(2)

At the end of each year, each member of the adult population of the town will give £1 to a charity fund.

Assuming the population model,

(e)	find the total amount that will be given to the charity fund for the 10 years from the end of Year 1 to the end of Year 10, giving your answer to the nearest £1000.
(3)
___________________________________________________________________________


55.	A population of insects is being studied. The number of insects, N, in the population, is
modelled by the equation
[image: ]	t ∈ ℝ,	t  0

where t is the time, in weeks, from the start of the study.

Using the model,

(a)	find the number of insects at the start of the study,
(1)

(b)	find the number of insects when t = 10,
(2)

(c)	find the time from the start of the study when there are 82 insects.
(Solutions based entirely on graphical or numerical methods are not acceptable.)
(4)

(d)	Find, by differentiating, the rate, measured in insects per week, at which the number
of insects is increasing when t = 5. Give your answer to the nearest whole number.
(3)
(Total 10 marks)



56.	Wheat is to be grown on a farm.

A model predicts that the mass of wheat harvested on the farm will increase by 1.5% per year, so that the mass of wheat harvested each year forms a geometric sequence.

Given that the mass of wheat harvested during year one is 6000 tonnes,

(a)	show that, according to the model, the mass of wheat harvested on the farm during 	year 4 will be approximately 6274 tonnes.
(2)

During year N, according to the model, there is predicted to be more than 8000 tonnes of wheat harvested on the farm.

(b)	Find the smallest possible value of N.
(5)

It costs £5 per tonne to harvest the wheat.

(c)	Assuming the model, find the total amount that it would cost to harvest the wheat 	from year one to year 10 inclusive. Give your answer to the nearest £1000.
(3)
(Total 10 marks)
___________________________________________________________________________

57.	(a)	Express 1.5sin  – 1.2cos  in the form Rsin ( – ), where R > 0 and 0 <  < [image: ].
	Give the value of R and the value of  to 3 decimal places.
(3)

The height, H metres, of sea water at the entrance to a harbour on a particular day, is modelled by the equation

	H = 3 + 1.5sin[image: ] − 1.2cos[image: ],	0 ≤ t < 12

where t is the number of hours after midday.

(b)	Using your answer to part (a), calculate the minimum value of H predicted by this
	model and the value of t, to 2 decimal places, when this minimum occurs.
(4)

(c)	Find, to the nearest minute, the times when the height of sea water at the entrance to
	the harbour is predicted by this model to be 4 metres.
(6)
___________________________________________________________________________
	

58.
[image: ]58.

Figure 5

	[image: ]
Figure 6

A suspension bridge cable PQR hangs between the tops of two vertical towers, AP and BR, as shown in Figure 5.

A walkway AOB runs between the bases of the towers, directly under the cable. The towers are 100 m apart and each tower is 24 m high.

At the point O, midway between the towers, the cable is 4 m above the walkway.

The points P, Q, R, A, O and B are assumed to lie in the same vertical plane and AOB is assumed to be horizontal.

Figure 6 shows a symmetric quadratic curve PQR used to model this cable.

Given that O is the origin,

(a) 	find an equation for the curve PQR.
(3)
Lee can safely inspect the cable up to a height of 12 m above the walkway. A defect is reported on the cable at a location 19 m horizontally from one of the towers.

(b) 	Determine whether, according to the model, Lee can safely inspect this defect.
(2)
(c) 	Give a reason why this model may not be suitable to determine whether Lee can safely inspect this defect.
(1)
___________________________________________________________________________

59. 	A company extracted 4500 tonnes of a mineral from a mine during 2018. The mass of the mineral which the company expects to extract in each subsequent year is modelled to decrease by 2% each year.

(a)	Find the total mass of the mineral which the company expects to extract from 2018 to 2040 inclusive, giving your answer to 3 significant figures.
(2)

(b)	Find the mass of the mineral which the company expects to extract during 2040, giving your answer to 3 significant figures.
(2)

The costs of extracting the mineral each year are assumed to be:

· £800 per tonne for the first 1500 tonnes,

· £600 per tonne for any amount in excess of 1500 tonnes.

The expected cost of extracting the mineral from 2018 to 2040 inclusive is £x million.

(c)	Find the value of x, giving your answer to 3 significant figures.
(3)
___________________________________________________________________________


60. 	In a controlled experiment, the number of microbes, N, present in a culture T days after the start of the experiment, were counted. 

	N and T are expected to satisfy a relationship of the form

N = aTb,	where a and b are constants.

	(a)	Show that this relationship can be expressed in the form
		
log10 N = m log10 T + c,

		giving m and c in terms of the constants a and/or b.
(2)
[image: ]

	Figure 3 shows the line of best fit for values of  log10 N plotted against values of  log10 T. 

	(b)	Use the information provided to estimate the number of microbes present in the culture 3 days after the start of the experiment. 
(4) 
	(c) 	Explain why the information provided could not reliably be used to estimate the day when the number of microbes in the culture first exceeds 1 000 000. 
(2) 
	(d)	With reference to the model, interpret the value of the constant a. 
(1)
(Total for Question 60 is 9 marks) 
___________________________________________________________________________

61.	In freezing temperatures, ice forms on the surface of the water in a barrel. At time t hours after the start of freezing, the thickness of the ice formed is x mm. You may assume that the thickness of the ice is uniform across the surface of the water.

At 4 p.m. there is no ice on the surface, and freezing begins.

At 6 p.m., after two hours of freezing, the ice is 1.5 mm thick.

In a simple model, the rate of increase of x, in mm per hour, is assumed to be constant for
a period of 20 hours.

Using this simple model,

(a)	express t in terms of x,
(2)
(b)	find the value of t when x = 3
(1)

In a second model, the rate of increase of x, in mm per hour, is given by the differential
equation

	[image: ] where [image: ] is a constant and 0 ≤ t ≤ 20

Using this second model,

(c)	solve the differential equation and express t in terms of x and [image: ],
(3)

(d)	find the exact value for [image: ],
(1)

(e)	find at what time the ice is predicted to be 3 mm thick.
(2)
(Total 9 marks)
___________________________________________________________________________


62. 	The value, £V, of a vintage car t years after it was first valued on 1st January 2001, is modelled by the equation

V = Apt,   where A and p are constants.

Given that the value of the car was £32 000 on 1st January 2005 and £50 000 on 1st January 2012,

(a) 	(i)  find p to 4 decimal places,

	(ii) show that A is approximately 24 800.
(4)

(b) 	With reference to the model, interpret

	(i)  the value of the constant A,

	(ii) the value of the constant p.
(2)

Using the model,

(c) 	find the year during which the value of the car first exceeds £100 000.
(4)
___________________________________________________________________________


63.					f (x) = 10e−0.25x sin x,	x   0

(a)	Show that the x coordinates of the turning points of the curve with equation y = f (x)
satisfy the equation tan x = 4
(4)

[image: ]
Figure 3 shows a sketch of part of the curve with equation y = f (x).
(b)	Sketch the graph of H against t where
H(t) = |10e−0.25x sin t |	t  0
showing the long-term behaviour of this curve.
(2)

The function H(t) is used to model the height, in metres, of a ball above the ground t seconds after it has been kicked.

Using this model, find
(c)	the maximum height of the ball above the ground between the first and second bounce.
(3)
(d)	Explain why this model should not be used to predict the time of each bounce.
(1)
(Total for Question 63 is 10 marks)
___________________________________________________________________________


64.	(a)	Express 2sin x – 4cos x in the form R sin (x − α), where R > 0 and 0 < α < [image: ]
Give the exact value of R and give the value of α, in radians, to 3 significant figures.
(3)

In a town in Norway, a student records the number of hours of daylight every day for a year. He models the number of hours of daylight, H, by the continuous function given by the formula

[image: ]	0 ⩽ t ⩽ 365

where t is the number of days since he began recording.

(b)	Using your answer to part (a), or otherwise, find the maximum and minimum number of hours of daylight given by this formula. Give your answers to 3 significant figures.
(3)

(c)	Use the formula to find the values of t when H = 17, giving your answers to the nearest integer.

(Solutions based entirely on graphical or numerical methods are not acceptable.)
(6)
(Total 12 marks)
___________________________________________________________________________



65. 	The growth of pond weed on the surface of a pond is being investigated.

The surface area of the pond covered by the weed, A m2, can be modelled by the equation 

A = 0.2e0.3t,

where t is the number of days after the start of the investigation.

(a)	State the surface area of the pond covered by the weed at the start of the investigation.
(1)

(b)	Find the rate of increase of the surface area of the pond covered by the weed, in m2/day, exactly 5 days after the start of the investigation.
(2)

Given that the pond has a surface area of 100 m2,

(c)	find, to the nearest hour, the time taken, according to the model, for the surface of the pond to be fully covered by the weed.
(4)

[bookmark: _GoBack]The pond was observed for one month. By the end of the month 90% of the surface area of the pond was covered by the weed.

(d)	Evaluate the model in light of this information, giving a reason for your answer.
(1)
(Total for Question 65 is 8 marks)
___________________________________________________________________________


66.
[image: ]
Figure 3

The value of a rare painting, £V, is modelled by the equation V = pqt, where p and q are constants and t is the number of years since the value of the painting was first recorded on 1st January 1980.

The line l shown in Figure 3 illustrates the linear relationship between t and log10V since 1st January 1980.

The equation of line l is log10V = 0.05t + 4.8.

(a) 	Find, to 4 significant figures, the value of p and the value of q.
(4)

(b) 	With reference to the model, interpret

	(i)   the value of the constant p,

	(ii)  the value of the constant q.
(2)

(c)	Find the value of the painting, as predicted by the model, on 1st January 2010, giving your answer to the nearest hundred thousand pounds.
(2)
___________________________________________________________________________


67. 	(a) 	Express 10 cos  – 3 sin  in the form R cos ( + ), where R > 0 and 0 <  < 90. 

		Give the exact value of R and give the value of , in degrees, to 2 decimal places.
(3) 

[image: ]
Figure 3

The height above the ground, H metres, of a passenger on a Ferris wheel t minutes after the wheel starts turning, is modelled by the equation

H = a – 10 cos (80t)° + 3 sin (80t)°

where a is a constant.

Figure 3 shows the graph of H against t for two complete cycles of the wheel.

Given that the initial height of the passenger above the ground is 1 metre, 

(b)	(i)	find a complete equation for the model.

	(ii)	Hence find the maximum height of the passenger above the ground. 
(2) 

(c) 	Find the time taken, to the nearest second, for the passenger to reach the maximum height on the second cycle. 

	(Solutions based entirely on graphical or numerical methods are not acceptable.) 
(3) 

It is decided that, to increase profits, the speed of the wheel is to be increased. 

(d)	How would you adapt the equation of the model to reflect this increase in speed? 
(1)
(Total for Question 67 is 9 marks)
___________________________________________________________________________ 



68. 	(a)	Express 2 sin θ – 1.5 cos θ in the form R sin (θ – α), where R > 0 and 0 < α < .
	State the value of R and give the value of α to 4 decimal places.
(3)

Tom models the depth of water, D metres, at Southview harbour on 18th October 2017 by the formula



D = 6 + 2 sin  – 1.5 cos ,    0  t  24,

where t is the time, in hours, after 00:00 hours on 18th October 2017.

Use Tom’s model to

(b)	find the depth of water at 00:00 hours on 18th October 2017,
(1)

(c)	find the maximum depth of water,
(1)

(d)	find the time, in the afternoon, when the maximum depth of water occurs.
	Give your answer to the nearest minute.
(3)

Tom’s model is supported by measurements of D taken at regular intervals on 18th October 2017. Jolene attempts to use a similar model in order to model the depth of water at Southview harbour on 19th October 2017.

Jolene models the depth of water, H metres, at Southview harbour on 19th October 2017 by the formula


H = 6 + 2 sin  – 1.5 cos ,    0  x  24,

where x is the time, in hours, after 00:00 hours on 19th October 2017.

By considering the depth of water at 00:00 hours on 19th October 2017 for both models,

(e)	 (i) 	explain why Jolene’s model is not correct,

	(ii) 	hence find a suitable model for H in terms of x.
(3)
 (Total for Question 68 is 11 marks)
___________________________________________________________________________


69.	(a)	Express 10 cos  – 3 sin  in the form R cos ( + ), where R > 0 and 0 <  < 90°

Give the exact value of R and give the value of  to 2 decimal places.
(3)

Alana models the height above the ground of a
passenger on a Ferris wheel by the equation[image: ]


	H = 12 – 10 cos (30t)° + 3 sin (30t)°

where the height of the passenger above the
ground is H metres at time t minutes after the
wheel starts turning.



(b)	Calculate

	(i)	the maximum value of H predicted by this model,

	(ii)	the value of t when this maximum first occurs.

	Give each answer to 2 decimal places.
(4)
(c)	Calculate the value of t when the passenger is 18m above the ground for the first time.

	Give your answer to 2 decimal places.
(4)
(d)	Determine the time taken for the Ferris wheel to complete two revolutions.
(2)
___________________________________________________________________________


70.	The value of a car, £V, can be modelled by the equation
V = 15 700e–0.25t + 2300	t ∈ ℝ, t ⩾ 0
where the age of the car is t years.
Using the model,
(a)	find the initial value of the car.
(1)

Given the model predicts that the value of the car is decreasing at a rate of £500 per year
at the instant when t = T,
(b)	(i)	show that
3925e–0.25T = 500
	(ii)	Hence find the age of the car at this instant, giving your answer in years and
months to the nearest month.
(Solutions based entirely on graphical or numerical methods are not acceptable.)
(6)

The model predicts that the value of the car approaches, but does not fall below, £A.
(c)	State the value of A.
(1)
(d)	State a limitation of this model.
(1)
(Total for Question 70 is 9 marks)
___________________________________________________________________________


71. 	A scientist is studying a population of mice on an island. The number of mice, N, in the population, t months after the start of the study, is modelled by the equation


N = ,   t ℝ,   t  0.

(a) 	Find the number of mice in the population at the start of the study.
(1)




(b) 	Show that the rate of growth  is given by  = .
(4)

The rate of growth is a maximum after T months.

(c) 	Find, according to the model, the value of T.
(4)

According to the model, the maximum number of mice on the island is P.

(d) 	State the value of P.
(1)
___________________________________________________________________________

72.	A new mineral has been discovered and is going to be mined over a number of years.

A model predicts that the mass of the mineral mined each year will decrease by 15% per year, so that the mass of the mineral mined each year forms a geometric sequence.

Given that the mass of the mineral mined during year 1 is 8000 tonnes,

(a)	show that, according to the model, the mass of the mineral mined during year 6 will be approximately 3550 tonnes.
(2)

According to the model, there is a limit to the total mass of the mineral that can be mined.

(b)	With reference to the geometric series, state why this limit exists.
(1)

(c)	Calculate the value of this limit.
(2)

It is decided that a total mass of 40 000 tonnes of the mineral is required. This is going to be mined from year 1 to year N inclusive.

(d)	Assuming the model, find the value of N.
(5)
(Total 10 marks)
___________________________________________________________________________


73. 	
		
log10 P
l
(0, 5)
O
t














Figure 2

	A town’s population, P, is modelled by the equation P = abt, where a and b are constants and t is the number of years since the population was first recorded. The line l shown in Figure 2 illustrates the linear relationship between t and log10 P for the population over a period of 100 years. 

	The line l meets the vertical axis at (0, 5) as shown.  The gradient of l is . 

(a) 	Write down an equation for l. 
(2)
(b) 	Find the value of a and the value of b. 
(4)
(c) 	With reference to the model, interpret 

(i)	the value of the constant a, 

	(ii) 	the value of the constant b. 
(2)
(d) 	Find 

	(i) 	the population predicted by the model when t = 100, giving your answer to the nearest hundred thousand, 

	(ii) 	the number of years it takes the population to reach 200 000, according to the model. 
(3)
(e) 	State two reasons why this may not be a realistic population model. 
(2)
(Total for Question 73 is 13 marks)
___________________________________________________________________________


74.	(a)	Use the substitution	u = 4 − 	to show that



 = −8 ln |4 − | − 2 + k
where k is a constant
(6)

A team of scientists is studying a species of slow growing tree.
The rate of change in height of a tree in this species is modelled by the differential equation


where h is the height in metres and t is the time, measured in years, after the tree is planted.
(b)	Find, according to the model, the range in heights of trees in this species.
(2)

One of these trees is one metre high when it is first planted.
According to the model,
(c)	calculate the time this tree would take to reach a height of 12 metres, giving your
answer to 3 significant figures.
(7)
(Total for Question 74 is 15 marks)
___________________________________________________________________________

75.	The height of water, H metres, in a harbour on a particular day is given by the equation


H = 4 + 1.5 sin ,	0  t < 24


where t is the number of hours after midnight, and  is measured in radians.

(a)	Show that the height of the water at 1 a.m. is 4.75 metres.
(1)

(b)	Find the height of the water at 2 p.m.
(2)

(c)	Find, to the nearest minute, the first two times when the height of the water is 3 metres.

(Solutions based entirely on graphical or numerical methods are not acceptable.)
(6)
(Total 9 marks)
___________________________________________________________________________


76. 	(a)	Express  in partial fractions. 
(3) 

A population of meerkats is being studied.

The population is modelled by the differential equation



 = P(11 – 2P),   t  0,    0 < P < 5.5,

where P, in thousands, is the population of meerkats and t is the time measured in years
since the study began. 

Given that there were 1000 meerkats in the population when the study began,
 
(b)	determine the time taken, in years, for this population of meerkats to double, 
(6) 
(c)	show that 

P = 
	where A, B and C are integers to be found. 
(3)  
(Total for Question 76 is 12 marks) 
___________________________________________________________________________ 

77.  		In this question you should show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
A company made a profit of £20 000 in its first year of trading, Year 1
A model for future trading predicts that the yearly profit will increase by 8% each year,
so that the yearly profits will form a geometric sequence.
According to the model,
(a)	show that the profit for Year 3 will be £23 328
(1)
(b)	find the first year when the yearly profit will exceed £65 000
(3)
(c)	find the total profit for the first 20 years of trading, giving your answer to the
nearest £1000
(2)
(Total for Question 77 is 6 marks)
___________________________________________________________________________
78.  	A scientist is studying the growth of two different populations of bacteria.
The number of bacteria, N, in the first population is modelled by the equation
N = Aekt	t ≥ 0
where A and k are positive constants and t is the time in hours from the start of the study.
Given that
· there were 1000 bacteria in this population at the start of the study
· it took exactly 5 hours from the start of the study for this population to double

(a)	find a complete equation for the model.
(4)
(b)	Hence find the rate of increase in the number of bacteria in this population exactly
8 hours from the start of the study. Give your answer to 2 significant figures.
(2)
The number of bacteria, M, in the second population is modelled by the equation
M = 500e1.4kt	t ≥ 0
where k has the value found in part (a) and t is the time in hours from the start of the study.
Given that T hours after the start of the study, the number of bacteria in the two different
populations was the same,
(c)	find the value of T.
(3)
(Total for Question 78 is 9 marks)
___________________________________________________________________________

79.
[image: ]
Figure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
hits the ground.
The vertical height, H metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
Given that the ball
· is hit from a point on the top of a platform of vertical height 3 m above the ground
· reaches its maximum vertical height after travelling a horizontal distance of 90 m
· is at a vertical height of 27 m above the ground after travelling a horizontal
distance of 120 m

Given also that H is modelled as a quadratic function in x
(a)	find H in terms of x
(5)
(b)	Hence find, according to the model,
(i)	the maximum vertical height of the ball above the ground,
(ii)		the horizontal distance travelled by the ball, from when it was hit to when it first
hits the ground, giving your answer to the nearest metre.
(3)
(c)	The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model.
(1)
(Total for Question 79 is 9 marks)
___________________________________________________________________________

80.	The time, T seconds, that a pendulum takes to complete one swing is modelled by the formula
T = al b
where l metres is the length of the pendulum and a and b are constants.
(a)	Show that this relationship can be written in the form
log10 T = b log10 l + log10 a
(2)
[image: ]
A student carried out an experiment to find the values of the constants a and b.
The student recorded the value of T for different values of l.
Figure 3 shows the linear relationship between log10 l and log10 T for the student’s data.
The straight line passes through the points (– 0.7, 0) and (0.21, 0.45)
Using this information,
(b)	find a complete equation for the model in the form
T = al b
giving the value of a and the value of b, each to 3 significant figures.
(3)
(c)	With reference to the model, interpret the value of the constant a.
(1)
(Total for Question 80 is 6 marks)
___________________________________________________________________________

81.
[image: ]
Water flows at a constant rate into a large tank.
The tank is a cuboid, with all sides of negligible thickness.
The base of the tank measures 8 m by 3 m and the height of the tank is 5 m.
There is a tap at a point T at the bottom of the tank, as shown in Figure 5.
At time t minutes after the tap has been opened
•	the depth of water in the tank is h metres
•	water is flowing into the tank at a constant rate of 0.48 m3 per minute
•	water is modelled as leaving the tank through the tap at a rate of 0.1h m3 per minute
(a)	Show that, according to the model,


(4)
Given that when the tap was opened, the depth of water in the tank was 2 m,
(b)	show that, according to the model,
h = A + B e–kt
where A, B and k are constants to be found.
(6)
Given that the tap remains open,
(c)	determine, according to the model, whether the tank will ever become full, giving a
reason for your answer.
(2)
(Total for Question 81 is 12 marks)
___________________________________________________________________________

82.	(a)	Express 2cos θ – sin θ in the form R cos (θ + α), where R > 0 and 0 < α < 
Give the exact value of R and the value of α in radians to 3 decimal places.
(3)
[image: ]
Figure 6 shows the cross-section of a water wheel.
The wheel is free to rotate about a fixed axis through the point C.
The point P is at the end of one of the paddles of the wheel, as shown in Figure 6.
The water level is assumed to be horizontal and of constant height.
The vertical height, H metres, of P above the water level is modelled by the equation
H = 3 + 4 cos (0.5t) – 2 sin (0.5t)
where t is the time in seconds after the wheel starts rotating.
Using the model, find
(b)	(i)	the maximum height of P above the water level,
(ii)	the value of t when this maximum height first occurs, giving your answer to one
decimal place.
(3)
In a single revolution of the wheel, P is below the water level for a total of T seconds.
According to the model,
(c)	find the value of T giving your answer to 3 significant figures.
(Solutions based entirely on calculator technology are not acceptable.)
(4)
In reality, the water level may not be of constant height.
(d)	Explain how the equation of the model should be refined to take this into account.
(1)
(Total for Question 82 is 11 marks)
___________________________________________________________________________
83.	The height, h metres, of a tree, t years after being planted, is modelled by the equation
h2 = at + b	 0 ≤ t < 25
where a and b are constants.
Given that
• the height of the tree was 2.60 m, exactly 2 years after being planted
• the height of the tree was 5.10 m, exactly 10 years after being planted
(a)	find a complete equation for the model, giving the values of a and b to 3 significant figures.
(4)
Given that the height of the tree was 7 m, exactly 20 years after being planted
(b)	evaluate the model, giving reasons for your answer.
(2)
(Total for Question 83 is 6 marks)
___________________________________________________________________________

84.	A scientist is studying the number of bees and the number of wasps on an island.
The number of bees, measured in thousands, Nb, is modelled by the equation
Nb = 45 + 220 e0.05t
where t is the number of years from the start of the study.
According to the model,
(a)	find the number of bees at the start of the study,
(1)
(b)	show that, exactly 10 years after the start of the study, the number of bees was
increasing at a rate of approximately 18 thousand per year.
(3)
The number of wasps, measured in thousands, Nw, is modelled by the equation
Nw = 10 + 800 e−0.05t
where t is the number of years from the start of the study.
When t = T, according to the models, there are an equal number of bees and wasps.
(c)	Find the value of T to 2 decimal places.
(4)
(Total for Question 84 is 8 marks)
___________________________________________________________________________


85.
[image: Diagram

Description automatically generated]
A car stops at two sets of traffic lights.
Figure 2 shows a graph of the speed of the car, v m s−1, as it travels between the two sets
of traffic lights.
The car takes T seconds to travel between the two sets of traffic lights.
The speed of the car is modelled by the equation
v = (10 − 0.4t) ln(t + 1) 	0 ≤ t ≤ T
where t seconds is the time after the car leaves the first set of traffic lights.
According to the model,
(a)	find the value of T
(1)
(b)	show that the maximum speed of the car occurs when


(4)
Using the iteration formula



with t1 = 7
(c)	(i)	 find the value of t3 to 3 decimal places,
	(ii)	 find, by repeated iteration, the time taken for the car to reach maximum speed.
(3)
(Total for Question 85 is 8 marks)
___________________________________________________________________________




86.
[image: Diagram

Description automatically generated]
A company makes toys for children.
Figure 5 shows the design for a solid toy that looks like a piece of cheese.
The toy is modelled so that
• face ABC is a sector of a circle with radius r cm and centre A
• angle BAC = 0.8 radians
• faces ABC and DEF are congruent
• edges AD, CF and BE are perpendicular to faces ABC and DEF
• edges AD, CF and BE have length h cm
Given that the volume of the toy is 240 cm3
(a)	show that the surface area of the toy, S cm2, is given by

S = 0.8r2 + 

making your method clear.
(4)
Using algebraic differentiation,
(b)	find the value of r for which S has a stationary point.
(4)
(c)	Prove, by further differentiation, that this value of r gives the minimum surface area
of the toy.
(2)
(Total for Question 86 is 10 marks)
___________________________________________________________________________


87.
[image: Diagram, shape

Description automatically generated]
Figure 4 shows a sketch of a Ferris wheel.
The height above the ground, H m, of a passenger on the Ferris wheel, t seconds after
the wheel starts turning, is modelled by the equation
H = |A sin(bt + α)°|
where A, b and α are constants.
Figure 5 shows a sketch of the graph of H against t, for one revolution of the wheel.
Given that
• 	the maximum height of the passenger above the ground is 50 m
• 	the passenger is 1 m above the ground when the wheel starts turning
•	the wheel takes 720 seconds to complete one revolution
(a)	find a complete equation for the model, giving the exact value of A, the exact value
of b and the value of α to 3 significant figures.
(4)
(b)	Explain why an equation of the form

H = |A sin(bt + α)°| + d

where d is a positive constant, would be a more appropriate model.
(1)
(Total for Question 87 is 5 marks)
___________________________________________________________________________




88.	(a)	Express  in partial fractions.
(3)
When chemical A and chemical B are mixed, oxygen is produced.
A scientist mixed these two chemicals and measured the total volume of oxygen
produced over a period of time.
The total volume of oxygen produced, V m3 , t hours after the chemicals were mixed, is
modelled by the differential equation

	 V ≥ 0 	t ≥ k

where k is a constant.
Given that exactly 2 hours after the chemicals were mixed, a total volume of 3 m3 of
oxygen had been produced,
(b)	solve the differential equation to show that


V = 
(5)
The scientist noticed that
• 	there was a time delay between the chemicals being mixed and oxygen
being produced
• 	there was a limit to the total volume of oxygen produced

Deduce from the model
(c)	(i)	the time delay giving your answer in minutes,
(ii)	the limit giving your answer in m3
(2)
(Total for Question 88 is 10 marks)
___________________________________________________________________________


89.	A car has six forward gears.
The fastest speed of the car
● in 1st gear is 28 km h–1
● in 6th gear is 115 km h–1
Given that the fastest speed of the car in successive gears is modelled by an
arithmetic sequence,
(a)	find the fastest speed of the car in 3rd gear.
(3)
Given that the fastest speed of the car in successive gears is modelled by a
geometric sequence,
(b)	find the fastest speed of the car in 5th gear.
(3)
(Total for Question 89 is 6 marks)
___________________________________________________________________________

90.	(a) Express sin x + 2 cos x in the form R sin (x + α) where R and α are constants, R > 0
      and 0 < α <  
Give the exact value of R and give the value of α in radians to 3 decimal places.
(3)

The temperature, θ °C , inside a room on a given day is modelled by the equation

		0 ≤ t < 24
where t is the number of hours after midnight.
Using the equation of the model and your answer to part (a),
(b)	deduce the maximum temperature of the room during this day,
(1)
(c)	find the time of day when the maximum temperature occurs, giving your answer to  
            the nearest minute.
(3)
(Total for Question 90 is 7 marks)
___________________________________________________________________________
91.	A large spherical balloon is deflating.
At time t seconds the balloon has radius r cm and volume V cm3
The volume of the balloon is modelled as decreasing at a constant rate.
(a)	Using this model, show that

 
where k is a positive constant.
(3)
Given that
● the initial radius of the balloon is 40 cm
● after 5 seconds the radius of the balloon is 20 cm
● the volume of the balloon continues to decrease at a constant rate until the
    balloon is empty
(b)	solve the differential equation to find a complete equation linking r and t.
(5)
(c)	Find the limitation on the values of t for which the equation in part (b) is valid.
(2)
(Total for Question 91 is 10 marks)
___________________________________________________________________________
92.	A quantity of ethanol was heated until it reached boiling point.
The temperature of the ethanol, θ °C, at time t seconds after heating began, is modelled
by the equation
θ = A − Be− 0.07t
where A and B are positive constants.

Given that
● the initial temperature of the ethanol was 18 °C
● after 10 seconds the temperature of the ethanol was 44 °C
(a)	find a complete equation for the model, giving the values of A and B
to 3 significant figures.
(4)
Ethanol has a boiling point of approximately 78 °C

(b)	Use this information to evaluate the model.
(2)
(Total for Question 92 is 6 marks)
___________________________________________________________________________
[image: ]93.	










The curve shown in Figure 3 has parametric equations


x = 6 sin t	 y = 5 sin 2t		0 ≤ t ≤  

The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.


(a)	(i)	Show that the area of R is given by  
(3)
(ii)	Hence show, by algebraic integration, that the area of R is exactly 20
(3)
[image: ]

Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that
● x and y are in metres
● the vertical wall of the dam is 4.2 metres high
● there is a horizontal walkway of width MN along the top of the dam

(b)	calculate the width of the walkway.
(5)
(Total for Question 93 is 11 marks)
___________________________________________________________________________
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Figure 3

 

The number of rabbits on an island is modelled by the equation 

P

 = 

100

13

01

09

e

e

-

- +

.

.

t

t

 + 40,    

t 

  , 

t

   0

 

where 

P

 is the number of rabbits, 

t

 years after they were introduced onto the island. 

 

A sketch of the graph of 

P

 against 

t

 is shown in Figure 3.

  (a) Calculate the number of rabbits that were introduced onto the island. 

(1 )

  (b) Find 

d

d

P

t

(3 )

 

The number of rabbits initially increases, reaching a maximum value 

P

T

 when 

t

 = 

T

  (c) Using your answer from part (b), calculate  

    (i) the value of 

T

 to 2 decimal places,

    (ii) the value of 

P

T

 to the nearest integer.

 

(

Solutions based entirely on graphical or numerical methods are not acceptable

.)

(4 )

 

For 

t

 > 

T

, the number of rabbits decreases, as shown in Figure 3, but never falls below 

k

,  

where

 k

 is a positive constant.

  (d) Use the model to state the maximum value of 

k

.

(1 )
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