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2.11 and 3.1 Use mathematical models in a variety of contexts
You should be able to use mathematical models in a variety of contexts. This will include considering the limitations of the model and possible refinements.
These models include
· linear models
· quadratic models 
· 
using reciprocal functions  for inverse proportion (e.g. pressure and volume)
· trigonometrical models (e.g. tides, hours of sunshine).

Examples
Example 1	A student sows a seed and measures the growth of the plant after the seed germinates. On day 1 after germination the plant is 2.5 cm tall. On day 3 the plant is 5.5 cm tall and on day 5 the plant is 8.5 cm tall. The student decides to use a linear model to predict the size of the plant using t for the number of the day and h for the height in centimetres.
	(a)	Find an equation for h in terms of t.
	(b)	Use this equation to predict the height of the plant after 10 days.
	(c)	Comment on the suitability of the model.
	(d)	Suggest an improvement for the model.

	(a)	h = mt + c

	

	
	So h = 1.5t + 1
(b)	When t = 10, 
	h = 1.5 × 10 + 1 = 16
	The height is 16 cm.
(c)	The model predicts unrestricted 	growth, which is impossible.
(d)	State that h = 1.5 t + 1 is only valid 	for 	t < 20 

	m is the gradient of the straight line and c is the intercept.


Substitute (1, 2.5).



Give your answer in context.
Another answer would be that plant growth slows down after a few days
Other improvements are possible.






Example 2	A new shop runs a promotion offering visitors a free gift. This is advertised and many visitors are expected on the first day with numbers decreasing on following days.

The shop expects about 5000 visitors on day 1 and uses the reciprocal model , where n is the number of visitors, t is the day number and a is a constant.
(a)	Find the number of visitors suggested by the model on the third day.
(b)	Comment on the precision of your answer to part (a).
The supplier of the gifts knows that 5000 visitors are expected on the first day, but has no further information. They make an assumption that there will be 4000 visitors on the second day and they decide to use a linear model
(c)	Find an equation for N in terms of t for this model.
(d)	State a limitation of this model.
The shop finds that their model is quite good for the first 10 days, but after that the model underestimates the number of visitors.
(e)	Suggest a refinement to the reciprocal model.

	
(a)	

	This gives the equation

	When t = 3, 
	The number of visitors is 1666
(b)	The estimate should be to 1 significant figure as 5000 was only 1 significant figure.
(c)	N = 6000 – 1000t
(d)	The line has a negative gradient and N will become negative, which is impossible.

(e)	 for 1 ≤ t ≤ 10 and 
N = 500 for t > 10

	Substitute N = 5000 and t = 1.


Substitute t = 3.
Give the answer in context. The rounded answers 1700 and 2000 are also correct. 
Other answers are possible.

This is the equation of a straight line passing through (1, 5000) and (2, 4000)


When t = 10, 
Assume that the number of visitors remains constant.





Example 3	A baker is going to sell a new type of cake. The total profit, £P, depends on the price £x of each cake. If the price of each cake is high, not many cakes will be sold and the total profit will be low, but if the price is low the profit on each cake will be small so the total profit will be low. The baker wants a model to help maximise the total profit.
[image: ]The baker uses the quadratic model shown by the graph. This model gives a total profit of £6000 when the price of each cake is £4.50.
(a)	Find the equation of the quadratic curve.
(b)	Use the equation to find, to 2 significant figures, the total profit when the price of each cake is £2.25.
(c)	Comment on the model when x = 0.

The baker considers another model represented by .
(d)	According to this second model how much should the baker charge to maximise the total profit?
	
(a)	


(b)	
[bookmark: _GoBack]	Total profit is £4500

(c)	When x = 0 you are giving away the cakes and you would be making a loss. The model suggests that there is neither a profit nor a loss.


(d)	


		
		The baker should charge £2.95
	The curve crosses at x = 0 and at x = 9
Substitute x = 4.5 and P = 6000






Substitute x = 2.25

Give the answer in context.
Remember that the answers are not exact as this is just a model.





To find the maximum point, differentiate and set to zero.
The stationary point will be a maximum because the coefficient of x2 is negative.

Give the answer in context.






Example 4	A student wants to model the number of hours of daylight in town A by using an equation of the form , where H is the number of hours of daylight on day t (t = 0 is for January 1st), and a, b and c are constants. 
The maximum number of hours of daylight is 16.1 hours and this occurs when t = 172 on June 21st. The minimum number of hours of daylight is 9.9 hours.
(a)	Find the values of the constants a, b and c.
(b)	Find the number of hours of daylight when t = 50.
A friend of the student lives in town B, where the maximum and minimum hours of daylight are 15.9 and 10.1 respectively.
(c)	Without doing any calculations, decide whether there are more or fewer hours of daylight in town B on the day that t = 50. Explain your answer.

	
(a)	
	a = (16.1 – 9.9) ÷ 2 =3.1

	when t = 172, there is a maximum, so  

	

	


(b)	
      There are 11.4 hours of daylight.

(c)	The sine curve for town B is stretched vertically a little less than the sine curve for town A. 11.4 is less than 13, so there will be more than 11.4 hours of daylight. 

	[image: ]
The dashed sine curve must be:
translated up (+ c), 
stretched vertically (factor 3.1) and translated to the right (–1.39).


Substitute t = 50.

Give the answer in context.





Exercise
1.	A sports car is bought new for £725 000. When the car has been used for 1 year the car is worth £600 000. The owner decides to use a linear model to predict the value of the car using t for the number of years she has owned the car and V for the value of the sports car.
	(a)	Find an equation for V in terms of t.
	(b)	Use this equation to predict the value of the car after 3.6 years.
	(c)	Comment on the suitability of the model.
	(d)	Suggest an improvement for the model.
2.	A well-known model for a fixed mass of gas, at a constant temperature, is that the product of pressure and volume are constant. As a formula this is

			
Where p is the pressure in Pa (pascals), V is the volume in m3 and c is a constant. 
A syringe contains 5.0 × 10–6 m3 of air at a pressure of 1.0 × 105 Pa. The plunger is pushed until the volume of air in the syringe is 4.1 × 10–6 m3. The temperature is constant.
	(a)	Use the model to find the pressure of the air in the syringe now. Give your answer to an appropriate degree of accuracy.
	(b)	Make two comments on the limitations of the use of this model in this situation.
3.	The number of bacteria, N, in a sample of food at temperature t° C in a fridge is given by N = 500t2 + 250t + 2500. 
	(a)	At what temperature will the number of bacteria be minimal?
	(b)	Comment on the model for temperatures which are lower than the temperature you found in part (a).
	(c)	Suggest a refinement that could be made to this model.
4.	Boats that are in a harbour at low tide are stuck, as all water flows out of the harbour. The height, H metres, of water in the harbour at time t hours after midnight can be modelled by

		

When t = 0, H = 3.1
	(a)	Show that a = 3.2
	(b)	Calculate the greatest height, according to the model, of the water in the harbour.
	(c)	What does the model suggest about the height of the water when t = 8?
	A sailing boat can only enter the harbour when the height of the water is more than 2.5 metres.
	(d)	Find the time, to the nearest minute, when the sailing boat first cannot enter the harbour after midnight.


Answers
1.	(a)	V = –125 000t  + 725 000
	(b)	V = –125 000 × 3.6 + 725 000 = 275 000; the model suggests the value will be £275 000.
	(c)	The model suggests that the price will be negative after some years. This is not realistic.
(d)	For example one of the following: 
· State that the model is only valid for four years and the price will then remain constant 
at £225 000.
· Use a reciprocal model.
· Use an exponential model.

2.	(a)	c = 5.0 × 10–6 × 1.0 × 105 = 0.5, so 

		Substitute V = 4.1 × 10–6 into 
		The pressure is 1.2 × 105 Pa or 120 000 Pa. (All numbers were given to 2 significant figures, 		so the answer should not have more than 2 significant figures.)
	(b)	Two from:
· It is difficult to keep the temperature constant when you apply pressure.
· When you apply pressure some gas might escape.
· It may be difficult to measure the air pressure in a syringe (accept measurements may not be precise).

3.	(a)	
		The number of bacteria will be the lowest at –0.25 °C.
	(b)	When the temperature drops below –0.25 °C, the number of bacteria increases according to 		the model; this is not realistic.
	(c)	State that the model is only valid for temperatures above 0 °C.

4.	(a)	When t = 0,  

                                    
	(b) 	Greatest height = 1.5 + 3.2 × 1 = 4.7 metres

	(c)	When t = 8, 
		This is not possible, it suggests that all water has flown out of the harbour.

	(d)	


		

		
		0.393 × 60 = 23.6
		The sailing boat first cannot enter the harbour at 4 hours and 24 minutes past midnight.
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